In this paper, two tests, based on CUSUM of the residuals and least squares estimation, are studied to detect in real time a change-point in a nonlinear model. A first test statistic is proposed by extension of a method already used in the literature but for the linear models. It is tested the null hypothesis, at each sequential observation, that there is no change in the model against a change presence. The asymptotic distribution of the test statistic under the null hypothesis is given and its convergence in probability to infinity is proved when a change occurs. These results will allow to build an asymptotic critical region. Next, in order to decrease the type I error probability, a bootstrapped critical value is proposed and a modified test is studied in a similar way. Simulation results, using Monte-Carlo technique, for nonlinear models which have numerous applications, investigate the properties of the two statistic tests.
Introduction
Our aim is the construction of a test for detecting a change in a parametric nonlinear model Y i = f (X i ; β i ) + ε i , i = 1, · · · , n. The parameter β will be first estimated by a parametric method and hypothesis test will be afterwards made by two nonparametric statistics. The test statistics we are going to consider are based on sequential empirical processes of parametrically estimated residuals. This problem appears in various fields, especially biology (for example: growth model or compartmental model), chemistry, industry (quality control), finance, ... Generally, there are two types of change-point problem: a posteriori and a priori (sequential) . The a posteriori change-point problem arises when the data are completely known at the end of the experiment to process. For this model we begins by finding the change-points number; after that their locations and the regression parameters on each interval are estimated. In the case of a parametric a posteriori model with 1 email: Gabriela.Ciuperca@univ-lyon1.fr change-points we can give the following references: for a constant model with K change-points, a consistent estimator for K was proposed by Yao and Au (1988) , using the least squares estimation method. If the errors are strongly mixing or long-range-dependent processes, always for a constant model, Lavielle and Moulines (2000) estimate the change-point number using a penalized least-squares approach. Bai (1999) proposes a test based on the likelihood for a linear model. Again, concerning the detection of a change in a linear model we can remind papers based on information criterion of Osorio and Galea (2005) , Wu (2008) or still Nosek (2010) . In a linear model, but with long memory errors, Belkhouja and Boutahar (2009) use several methods to detect the break number: three information criteria, a sequential parametric test and a procedure based on sum of squared residuals. A large class of time series with change-points are estimated by a semi-parametric framework, but for a known change number, by Bardet et al. (2012) . For a parametric nonlinear model, with multiple change-points, a general criterion is proposed by Ciuperca (2011) . For the detection of the change-point number by hypothesis test in a linear a posteriori model, we can remind the paper of Liu et al. (2008) , where the empirical likelihood test was considered in the particular case to detect a single change in a linear model. Qu and Perron (2007) propose likelihood ratio type statistics to test the null hypothesis K changes, against the alternative hypothesis of K + 1 changes, always for a linear model. In the sequential change-point problem, which will be presented here, the detection is performed in real time. In a linear model, the most used technique is the CUSUM method. Horváth et al. (2004) propose two schemes to detect a change in a linear model, results which are improved, using the bootstrapping, by Hušková and Kirch (2012) . The same method we find in Xia et al. (2009) for a generalized linear model. In the sequential change-point detection literature most researches consider the detection of a change in the random variable distribution (see e.g. Lai and Xing, 2010, or Mei, 2006) . We can also recall several testing procedures proposed by Neumeyer and Van Keilegom (2009) for detecting the change-points in the error distribution of non-parametric regression models. In this paper, the real time change-point detection in a nonlinear model is studied. Generalizing Horvath et al. (2004) framework, a first test statistic is studied using the weighted CUSUM method, calculated after that the model parameters have been estimated be least squares method. Next, in order to decrease the type I error probability, following the idea introduced by Hušková and Kirch (2012) for the linear case, a modified test (of the first) by bootstrapping is considered. It is important to note that, the nonlinearity changes the results and the approach made by Horvath et al. (2004) and by Hušková and Kirch (2012) for the linear case. Above all, in a linear model, the least squares estimator of the parameters has an explicit expression, which facilitates the calculations and the results proofs. All results proofs are based on the explicit form of the estimator. In the nonlinear case, since the estimator expression is unknown and the regression function derivatives with respect to regression parameters depends on parameters and on regressors as well, imply that the theoretical results (and their proofs) are different. These problems are even more difficult to solve in a model where change-point occurs. Numerical algorithms will also change to calculate the critical value and test the break presence. On the other hand, in the paper of Hušková and Kirch (2012) , the fact that the linear model contains intercept(see the Assumption A.1(ii)), influences in a important way the results. It is worth mentioning that we don't impose a discontinuity condition in the change-point for the model. By simulations, for two nonlinear models which have numerous practical applications, we obtain that the two proposed tests have the empirical power equal to 1 and the empirical sizes widely smaller than the fixed theoretical size. However, the precision of the change-point estimator is the same by both methods. The paper is organized as follows. In Section 2, we introduce the model assumptions and some general notations. The construction of a statistical test and its asymptotic behavior are presented in Section 3. To decrease the type I error probability, Section 4 presents a modified test by bootstrapping. Next, simulation results illustrate the obtained theoretical results in Section 5. The proofs of the main results are given in Section 6, followed in Appendix by some Lemmas.
Model and notations
For coherence, we try to use the some notations as in Hušková and Kirch's paper, where the linear model was considered. Let us consider the following random parametric nonlinear model with independent observations
For the observation i, Y i denotes the response variable, X i is a p×1 random vector of regressors, the function f : I R p × Θ → I R is known up to the parameters β i of dimension q × 1, β i ∈ Θ ⊆ I R q , with Θ a compact set.
For the function f we make the classical suppositions for a nonlinear model:
.
f(x; β) is continuous in x and of class C 2 (Θ). For the function f (x; β), we denote f(x; β) ≡ ∂ 2 f (x; β)/∂β 2 . We suppose that on the first m observations, no change in the parameter regression has occurred
with β 0 the true value of the parameter on the observations 1, · · · , m. The value of β 0 is unknown. We test the null hypothesis, that for all the following observations, there is no change in the model
against the hypothesis that there is a change to the m + k 0 m + 1 observation
The value of β 0 m is also unknown. This problem has been addressed in the literature if function f is linear f (x; β) = x t β (see Horváth et al., 2004, Hušková and Kirch, 2012) . Let be the sequential detector statistic, built as the weighted cumulative sum of the residuals, for 0 
Recall that the cumulative sum (CUSUM) of the residuals is
which is supposed non-regular for all m with probability one. Classic asymptotic results for a nonlinear regression (see also the relation (35)
The function g(m, k, γ) of the relation (3), proposed by Horváth et al.(2004) , is used as a boundary. Let us also consider the notations:
Matrix B is supposed positive definite. All throughout the paper, vectors and matrices are written in bold face.
The regression function, the random vector X i and the error ε i satisfy the following assumptions:
..
f(x, β) is bounded for all β in a neighborhood of β 0 , for all x ∈ I R p . (A3) For every i = 1, · · · , T m , the errors ε i are independent of the random vectors X j , for all j = 1,
Assumptions (A2) and (A4) are made for the true parameter β 0 , under null hypothesis H 0 . For the parameter β 0 m , under the alternative hypothesis, we request only the similar of (A4):
The assumption that the nonlinear function f is continuous in x, of class C 2 in β and also assumptions (A2) and (A4) are commonly used in nonlinear modeling and are necessary for the consistency and the asymptotic normality of the LS parameter estimator (see e.g. Seber and Wild, 2003) . Furthermore, the two values β 0 and β 0 m are interior points of the set Θ. The error variance σ 2 is unknown. To estimate it, on the historical observations i = 1, · · · , m, we consider an consistent estimator
For the errors, let us consider:
, and then, an another estimator for its variance besides of (4), built on the m + k first observations, isσ 2
Two cases are possible for the sample size, which will give different results, under the null hypothesis for the test statistics:
• T m = ∞, the open-end procedure;
• T m < ∞, lim m→∞ T m = ∞, with lim m→∞ T m m = T > 0, with the possibility T = ∞. In this case we have the closed-end procedure.
Concerning the used norms, for a p-vector
|a i j |) the subordinate norm to the vector norm . 1 and by M 2 = ρ(MM t ) the subordinate norm to . 2 , with ρ(MM t ) the spectral radius of MM t . All throughout the paper, C denotes a positive generic constant which may take different values in different formula or even in different parts of the same formula. All vector are column and v t denotes the transpose of v. We say that a random variable set (V n ) is bounded by a constant C with a probability close to 1 (or with a probability arbitrarily large):
Now, a notation and a relation on the function g, used for the result proofs. Using the relation that for all x > 0 we have 0 < x 1+x < 1 and that γ ∈ [0, 1/2), we obtain that
After from these general notations, in every section we shall give the notations used for each test.
The proofs of all main results of Sections 3 and 4 are given in Section 6. To prove these results, necessary lemmas are stated and proved in Appendix (Section 7).
Test by weighted CUSUM, without bootstrapping
We are going first to build a test statistic based on the residualsε i = Y i − f (X i ;β m ) after the observation m by estimating the parameter β on the historical data (Y i , X i ) 1≤i≤m . The study of this statistic will be hampered by the fact that the estimatorβ m does not have an explicit expression. The following Theorem is the generalization of the result obtained by Horváth et al.(2004) for the linear model, on the asymptotic distribution of the test statistic under the null hypothesis given by (1) . We remark that, unlike to the linear case, the asymptotic distribution of the test statistic, under H 0 , depends on the function f (x; β 0 ) and on the true parameter β 0 . The value of T m , with respect to m, also influence the asymptotic distribution.
Theorem 3.1 Let us consider the assumptions (A1)-(A4).
Under the null hypothesis H 0 specified by (1) , for all real c >, we have
(ii) If T m < ∞ and lim m→∞ T m /m = T < ∞, then the left-hand side of (6) is equal to I P sup 0≤t≤
Here 
In order to have a test statistic, thus, to build a critical region, it is necessary to study the behavior of the statistic in the left-hand side of (6) under the alternative hypothesis H 1 . By the following Theorem, this statistic converges in probability to infinity as m → ∞. For this, we suppose that the change-point k 0 m is not very far from the last observation of historical data. Obviously, this supposition poses no problem for practical applications, since if hypothesis H 0 was not rejected until an observation k m of order m, we reconsider as historical data, all observations of 1 to k m . Another supposition is that, before and after the break, on average, the model is different, without imposing a discontinuity condition in the change-point.
Theorem 3.2 Suppose that the assumptions (A1)-(A5) hold. Under the alternative hypothesis H
Considering the Theorems 3.1 and 3.2 we derive in the next corollary a test statistic for testing the lack of change against the break presence. 
The asymptotic critical region is It is important to note that, in the linear case f (x; β) = x t β, the value of D depends only on I E [X] , I E[XX t ] but not on the values of β 0 . For a nonlinear model, the critical values c α (γ) depend on the regression function f , the distribution of random vector X and on parameter value β 0 before the change-point.
Remark 1
In the linear case, the assumption that the model contains intercept, Horváth et al. (2004) , is essential. Therefore, we deduce from it that, the null hypothesis H 0 is rejected in the change-point
which we can consider as estimator for k 0 m .
Test by weighted CUSUM, with bootstrapping
In order to improve the critical values of the test, thus, to decrease the type I error probability, we extend the method proposed by Hušková and Kirch (2012) , which uses the bootstrapping to calculate the critical value, function of the observation position, after the observation m. Let us suppose that until the observation m + k, the hypothesis H 0 has not been rejected yet. Thus, for l = 1, · · · , m + k we have that under H 0 , using the relation (35) and the proof of the Lemma 7.1, the cumulative sum of the residuals defined by (3) can be approached
In order to realize the bootstrapping, let us consider the discrete uniform random variables U m,k (i), for
The conditional expectation with the bootstrapped regressors is,
Keeping the same notations as in the linear model of Hušková and Kirch (2012), let us consider (see Section 2, for the other notations), for k = 1, · · · , T m , following notations
, which is an approach of the weighted CUSUM statistic Γ(m, l, γ) given by (3), in order to facilitate the bootstrap.
•ε m,k ( j) ≡ Y j − f (X j ;β m+k ) are the residuals from the ordinary least squares method,
are the bootstrap errors.
•σ
the bootstrap variance estimator.
•
| ≤ x a distribution function calculated using the bootstrap results. 
Contrary to the case of Corollary 3.1, for the weighted CUSUM statistic without bootstrapping, the critical values c m,k;α (γ) depend at the same time of m, and k besides α and γ. Before to state the main results of this section, let us recall the Hájek-Rényi inequality (see Hájek and Rényi, 1955 ) that is a generalization of the Kolmogorov inequality.
Hájek-Rényi inequality: if (G k ) 1≤k≤n is a sequence of independent random variables with I E[
is a non-decreasing sequence of positive numbers, then, for any ǫ > 0 and m ≤ n,
A particular case of this inequality is we consider b k = g(n, k, γ), which is an increasing sequence in k, with the function g specified by relation (3) . For the linear model (see Hušková and Kirch, 2012) , to study the behavior of the distribution functionF m,k , then the behavior of the statistic 1/σ
)|, the Hájek-Rényi inequality alone was sufficient. In the nonlinear model, in the calculation of the bootstrapped residual ε * m,k , then ofε m,k , the LS estimatorβ m+k intervenes. Sinceβ m+k was not an explicit expression, we need a generalization of this inequality for random variable sequence of expectation converging uniformly to 0. First, we have the following general result.
As a consequence of the Proposition 4.1 and of the Hájek-Rényi inequality, a generalization of this last one can be established, for random variables with the expectation converging to 0. Let (G j ) 1≤ j≤n be a sequence of random variables such that
with the positive sequence (b k ) 1≤k≤n non-decreasing. Then, by the proof of Proposition 4.1, we have that, for any ǫ > 0, there exists a natural number n ǫ such that for n ≥ n ǫ
On the other hand, by the Hájek-Rényi inequality, we have for the random variable
. By the relations (10) and (11) it follows immediately that, for any sequence of random variables (
for n → ∞, with the positive sequence (b k ) 1≤k≤n non-decreasing and for any ǫ > 0, then, there exists a natural number n ǫ such that for n ≥ n ǫ ,
Now, in order to study the residualsε m,k (i) = Y i − f (X i ;β m+k ), calculated after observation m, we underline, by a decomposition, the corresponding model error ε i . Depending on the position of the observation "i" with respect to change-point m + k 0 m , where k 0 m is the change-point position under the alternative hypothesis H 1 given by (2) , and on the position of k with respect to k 0 m , we have the decomposition for the residualŝ
Sinceβ m+k is the least squares estimator of β,
with
The expression of R m will be specified in Appendix (Section 7). We precise that the bootstrapped residuals areε m,
With these elements, we can prove that the statisticΓ(m, k, l, γ) is asymptotically determined by I 1 and I 2 under H 0 and that each of them converges to a Wiener process. For these, we prove, by the following Proposition, that the term I 2 can be also written asymptotically as a sum of ε U m,k (i) , by imposing a supplementary condition: (A6) for any ǫ > 0 there exists M > 0 such that I P max 1≤i≤m
The proof of Proposition 4.2 is given in Section 6, where the nonlinearity intervenes decisively to prove that the sum of 1 to T m for the right-hand side of an expression like (12) converges uniformly in probability to zero.
Proposition 4.2 Under the assumptions (A1)-(A4), (A6)
we have for any ǫ > 0, in probability,
Taking into account the proof of Theorem 3.1 concerning the asymptotic distribution of the weighted cumulative residuals sum Γ(m, k, γ) calculated without bootstrapping, we show by the following results that the statisticΓ(m, k, l, γ) bootstrapped has the same asymptotic behavior under H 0 as Γ(m, k, γ). Under hypothesis H 1 , the term R m is asymptotically uniformly bounded and then, taking into account the relation (13),Γ(m, k, l, γ) is uniformly bounded a.s. also (see in Appendix, sub-Section 7.2, the Lemmas 7.3 and 7.4).
Proposition 4.3 Suppose that the assumptions (A1)-(A4), (A6) hold. a) Under the null hypothesis H 0 , we have, for any x
where 
As for the Theorem 3.1, under H 0 , we can prove that the asymptotic distribution of sup 1≤l≤T m
in the case T m = ∞ or (T m < ∞ and lim m→∞ T m /m = ∞). In the case T m < ∞ and lim m→∞ T m /m = T < ∞, the asymptotic distribution is sup 0≤t≤
. Combining Theorem 3.1 with Proposition 4.3(a) under the null hypothesis, on the one hand, and Theorem 3.2 with Proposition 4.3(b) under the alternative hypothesis, on the other hand, together with the distribution function definitioñ F m,k , allow to define a critical value depending of each sequential observation k = 1, · · · , T m . Thus, we can define a new test statistic and study its asymptotic behavior under H 0 and H 1 .
Theorem 4.1 Suppose that the assumptions (A1)-(A4), (A6) hold and that
α ∈ (0, 1), γ ∈ [0, 1/2). a) Under the null hypothesis H 0 , as m → ∞, we have I P       1 σ m sup 1≤k≤T m |Γ(m, k, γ)| c m,k;α (γ) > 1       → α.
b) If furthermore the assumption (A5) holds, under the alternative hypothesis H
with Γ given by the relation (3) and c m,k;α (γ) by (9) is the critical value of the distribution functionF m,k .
Thus, we are going to use as test statistic of
which will have the asymptotic critical region Z
γ;α (m) has asymptotic size α and asymptotic power one for all γ ∈ [0, 1/2). As in Section 4, we consider the change-point estimator of
m . Let us notice that, in comparison with the previous test, the value calculation c m,k;α (γ) is little more laborious, in view of the fact that, the conditional distribution functions F * m,k must be first calculated.
Simulations
In this section we report a simulation study designed to evaluate and compare the performance of the proposed test methods. For the two methods we consider two examples: growth model and compartmental model for varied parameters, sample size or position of k 0 m after m. For each test statistic, the algorithm steps are given to calculate the corresponding critical values. Afterward, details are given how to calculate empirical test size, empirical test power and to estimate the change-point location. All simulations were performed using the R language. The program codes can be requested from the author.
Test by weighted CUSUM, without bootstrapping
Firstly, following simulation steps are realized in order to calculate the critical values c α (γ) in accordance with the Corollary 3.1: 
A Brownian motion is generated using the BM function in R package(sde). Once the critical values c α (γ) are available, the change absence against the change of the model is tested using the statistic Z γ (m), given by relation (7) . In order to calculate the empirical test size, an without change-point model is considered and we count, the number of times, on the Monte-Carlo replications, when we obtain Z γ (m) > c α (γ). For the calculation of the empirical test power, the hypothesis H 1 is considered true, that there exists a change-point. We fix T m = 500, k 0 m = 25 (or k 0 m = 2) and we vary the sample size m = 25, 100, 300, γ = 0, 0.25, 0.45, 0.49, α = 0.025, 0.05, 0.10. For every combination, 1000 Monte-Carlo replications are realized. On the 1000 replications, we computed the frequency among which the test statistic Z γ (m) exceeds the critical value c α (γ). In order to estimate the change-point location, we find the first point k in the interval 1, · · · , T m such that (σ m ) −1 m+k i=m+1ε i /g(m, k, γ) exceeds critical value c α (γ). For both models, in order to study the importance that is not bounded. Even though the theoretical results are valid, we will study the precision of the change-point location estimator.
Growth model
Let us consider first the growth function f (x; β) = b 1 − exp(−b 2 x) which models many phenomena, with the parameters β = (b 1 , b 2 ) ∈ Θ, Θ ⊆ R × R + compact and x ∈ R. In this case the dimension of β is 2 (q = 2) and it there is a single regressor (p = 1). We generate the response variable X ∼ N(0, σ 2 X ) and the errors ε ∼ N(0, 0.5). The true values of regression parameters before the change-point are β 0 = (0.5, 1) and after β 
Obviously D = 1 for any value of σ 2 X and of the parameters b 1 , b 2 . This means that we obtain the same quantiles that in the paper of the Horváth et al.(2004) . The empirical quantiles (critical values) c α (γ) of the random variable V γ are given in the Table 1 . Based on these empirical quantiles, we are going to study the test size and its power for various values of m, γ and α. We realize 1000 Monte-Carlo replication of the model and we take T m = 500. The empirical test sizes are presented in Table 2 . We observe that the obtained values are smaller widely to the fixed α theoretical size . On the 1000 replications we found that empirical test power is 1, in any case. For the same parameters, we estimate now as follows the change-point location. For γ = 0.49, 0.25, γ = 0 and m = 25 or 100, after 10000 Monte-Carlo model replications in Table 3 are given the minimum, median, mean, third quartile and maximum of the change-point location estimations. For m = 300, the results are similar to those obtained for m = 100, thus we don't present them. We observe that the obtained change-point estimates are biased, and that considering either the median or the mean, there is a delay time in change-point detection. In the Table 4 we have the summarized results when the change-point is immediately later after m, for k 0 m = 2. From these two Tables 3 and 4 we deduce that, with respect to γ, when the change is in k 0 m = 25, there is no difference concerning the location change-point precision. If the change is immediately (k 0 m = 2), the precision decreases when γ decreases. In all tables, we indicated between "()" the obtained results when β 
Compartmental model
Another very interesting nonlinear model, with numerous applications, is the compartmental model. Examples and references of important applications for these models are given in Seber and Wild(2003) (see also the references therein): it describes the movement of lead in the human body, the kinetics of drug movement when the drug is injected at an intramuscular site, etc... Consider two-compartment function
+ . In this case q = 2 and p = 1. As for the growth example, we consider a gaussian response variable X ∼ N(0, σ 2 X ). For this model we
And with the notations
, we have the matrix
Contrary to the previous case, the value of D depends on the variance σ 2 X of the random variable X and on the parameters of the growth function. Hence, for each value of β 0 and of variance of X we need to calculate the quantiles. For the simulations, let us consider σ 2 X = 1 and β 0 = (1.2, 1). In this case D = 0.5741. The empirical quantiles c α (γ) of the random variable V γ , specified at the beginning of this subsection, are given in the Table 5 . The simulations are carried out for historical data of size m = 25, 100 or 300 and T m = 500 observation after m. The empirical type I error probabilities are presented in the Table 6 calculated by 1000 Monte-Carlo replications. As for the growth example, the empirical power test is 1 for each value of γ, α, when k 0 m = 25 and β 0 m = (1, 2). In Tables 7 and 8 We can make the following observations. As for the growth example, the results are less good in the case ..
f(x; β) not bounded: the method detects later the change and especially we have greater maximal values for the change-point estimationτ m . In the two case, k 0 m = 25 and k 0 m = 2, the precision ofτ m decreases when γ decreases. The change-point estimation is more precise than for the growth model.
Test using the bootstrapping
In this case, the calculation of the critical values c m,k;α (γ) defined by (9) is more laborious. We go to see if the simulation results are better than by weighted CUSUM without bootstrapping, case in which it Table 6 : Empirical sizes of test based on the statistic (7) for a compartmental model. Calculated for 1000 Monte-Carlo replications and T m = 500. deserves to make calculation effort. We now describe in detail the algorithm steps for calculate the critical values c m,k;α (γ).
Step 1. We fix α, γ, N, L, m, T m (see the notations given in Section 4 for N and L).
Step 2.
• We calculate J = T m /L;
• For j = 0, 1, · · · , (J − 1)L, the following random variable are generated
Step 3. Forj = 0, 1, · · · , (J − 1)L, we generate the random variablesW˜j which are mixtures of the random variablesṼ j generated to step 2. For eachj = 1, · · · , (J − 1)L, we generate a multinomial distribution with parameters 1(number of trials) and the probability vector p˜j = (1/j, · · · , 1/j). On the basis of this, thus,W˜j =Ṽ j for j = 0, 1, · · · ,j − 1 with the probability 1/j.
Step 4. We repeat the steps 2 and 3 making M Monte-Carlo replications. At the end, we shall have M realizations for every random variableW˜j,j = 0, 1, · · · , (J − 1)L.
Step 5. We calculate for every k = jL, jL
Step 6. On the basis of M replications, for each k = 1, · · · , T m , we calculate the critical values c m,k;α (γ) such 
The change absence against the change of the model is tested using the statistic Z (b)
γ;α (m) given by (14) . In order to calculate the empirical test size, an without change-point model is considered and we count, the number of times, on the Monte Carlo replications, when we obtain Z 
Compartmental model
The empirical test size based on the statisticŨ k (of Step 5), calculated for 1000 Monte-Carlo replications and T m = 500, are given in the Table 9 . By comparing the Tables 6 and 9 m are not better than those obtained by the method without bootstrapping. Tables 2 and 12 indicate that the empirical test size obtained using the bootstrapped critical values are sharply lower than empirical test size without bootstrapping. Concerning the change-point estimation (Table  13) m are better than by the weighted CUSUM method without bootstrapping. On the other hand, for γ = 0.49, m = 100, the results are less good using the bootstrapped critical values.
Growth model

Conclusion on the simulations
Two test statistics and their critical regions are, using weighted CUSUM method without and with bootstrapping for two nonlinear models. In both cases, the empirical sizes are widely smaller than the fixed theoretical size α. But the empirical sizes of test are without thinking smaller when the critical values are (2) 1 (1) 1 (1) 26 (26) 26 (26) 14 (26) (2) 1 (1) 1 (1) 3 (3) 3 (3) 3 (3 ) median(Q2) 6 (7) 5 (6) 4 (5) 7 (10) 6 (10) 6 (7) mean 7 (10) 6 (9) 5 (7) 8 (13) 7 (12) 7 (9) Q3 9 (13) 8 (12) 7 (9) 11 (18) 10 (16) (1) 1 (1) 1 (1) 1 (1) 1 (1) 1 (1) (Q2) 5 (6) 5 (5) 5 (5) 8 (11) 8 (10) 7 (9) mean 7 (8) 7 (8) 6 (7) 11 (19) 10 (15) 9 (12) Q3
9 (10) 8 (9) 8 (8) 14 (26) 13 (20) 12 (16) max 82 (122) 82 (122) 80 (107) 122 (192) 104 (150) 101 (100) calculated by bootstrapping. The power test is equal to 1 for any value of m, γ, k 0 m , or theoretic test size α. The both test statistics (7) and (14) detect the change produced in the model. The parameter γ does not modify the type I error probability. Concerning the change-point estimation precision, it does not improve in a significant way by the bootstrapping method or when the number m of historical data increases. This precision can be influenced by γ value when the test statistic (7), without bootstrapping, is used. It is worth mentioning that the obtained estimations of k 0 m by the both methods are slightly biased, the delay time is of order ≃ +6 observations, either for m = 25 or for m = 100 observations. Finally, if ..
f(x, β) is not bounded, the both test statistics detect the change-points, but the estimator bias of k 0 m increases, if the change is 2 observations after m or 25 observations after m.
Proofs of the Theorems and Propositions
Here we present the proofs of the results stated in Sections 3 and 4. 
where {W 1 (t)}, {W 2 (t)} are two independent Wiener processes on [0, ∞). For all K > 0, by the continuity of
The relations (5.9) and (5.10) of Horváth et al. (2004) hold, then, for all δ > 0,
Let us consider the random processes Z(t) = W 1 (t)−DtW 2 (1) and
Thus, their variances and covariances coincide, we have Z(t)
By the asymptotic properties of a nonlinear regression, we have that the variance error estimatorσ 2 m is strongly converging to σ 2 , |σ m − σ| = o I P (1). The assertion (i) follows by the last relation together the relations (16) , (17), (18)- (19) .
(ii) The proof is similar of (i). We give its outline:
Proof of Theorem 3.2
We choose this particular k:k m = k 0 m +m. We will prove that for thisk m we have lim m→∞ m+k m i=m+1ε i /g(m,k m , γ) = ∞. Let us consider the partial sum of the residuals after the first m observations
Similar as for the Theorem 3.1 we have, for the first two terms of the right-hand side of (20),
and for the last term of the right-hand side of (20)
Since
, which implies, for the third term of the right-hand side of (22) that
where C is a constant not depending of m. For the last relation, we have used that for x > 1 we have
On the other hand, using assumption (A5) , 1) . Thus, for the first term of the right-hand side of (20) we have
Similarly, for the second term of the right-hand side of (22)
Taking into account the relations (22)- (25) we can get, for the third term of the right-hand side of (20) lim inf
The relations (20), (21), (26) imply that we found onek m such that
The theorem follows.
Proof of Proposition 4.1 It is clear that
For the last inequality we have used: for all ǫ > 0 there exists a natural number n ǫ such that for all n ≥ n ǫ we have |µ k,n | ≤ ǫ.
Proof of Proposition 4.2
We denote by e 2 ≡ −l/m m j=1 ε U m,k ( j) and we remind the notation D A ≡ A t A. Without loss of generality, we take l ≤ k, the other cases are similar. Consider now the following random variable, for i = m + 1, · · · , m + l,
On the other hand, by assumption (A1) for all ǫ > 0, there exists
Thus, taking also into account the assumption (A4) for . f(X i ; β 0 ), we get
Using the relation (5), the last relation is o I P (1)m 1/2ε
for all l, k = 1, · · · , T m . Then, we are in the conditions to apply the inequality (12) for the random variable G i,k and the sequence (b l ≡ g(m, l, γ) ). Hence, for any ǫ > 0, there exists a natural number m ǫ such that for m ≥ m ǫ ,
By elementary algebra, using the fact that for j j
By the relation (30) of Hušková and Kirch (2012), we get, for a constant
Under the assumptions (A4) and (A6) we have the following inequalities with a probability close to 1
On the other hand, by the Cauchy-Schwarz inequality we readily have with a probability 1
. f t (X j ; β 0 ) are converging by assumption (A4). Hence
For the second term of the right-hand side of the relation (28) we have:
, we have with a probability close to 1 that
For the last relation we used the assumption (A4).
We have in the other hand m −2 T m l=m+1 m j=1
is less than or equal to
and by the Cauchy-Schwarz inequality 
Proof of Theorem 4.1
Using the Proposition 4.3, the Theorems 3.1, 3.2 and Lemma 7.5, the proof is similar to that of the Theorem 1 of Horváth and Kirch (2012).
Appendix
In this section useful Lemmas to prove the main results of Sections 3 and 4 are given. We recall the notations:
Lemmas for Section 3 Lemma 7.1 Suppose that assumptions (A1)-(A4) hold. Under the hypothesis H
0 we have, as m → ∞, sup 1≤k<∞ m+k i=m+1ε i −         m+k i=m+1 ε i − k m m i=1 A i ε i         /g(m, k, γ) = o I P (1).
Proof of Lemma 7.1
Under the hypothesis H 0 , 
f(X
Generally, for any n ≥ m and β in a m −1/2 -neighborhood of β 0 , by assumption (A4) for . f(X i ; β 0 ), using the law of iterated logarithm we have that for all ǫ > 0, there exists a M 2 > 0 such that
Together with assumption (A2), it holds that, for all β in a m −1/2 -neighborhood of β 0
Thus, the right-hand side of (32)
Hence, for the last term of (31) we have 
For all x ≥ 1, we have that
Hence, (31) becomes
On the other hand,β m is the least squares estimator of β 0 , calculated for i = 1, · · · , m,
Using the assumptions (A1), (A2) and the Cauchy-Schwarz inequality, we obtain
Then, by relation (34) beloŵ
again too
and we replace next in (33). To complete the proof, we must prove that for (34) that sup 1≤k<∞ k/(mg(m, k, γ))o I P (1) = o I P (1) . Using (A1)-(A4) and the fact thatβ m − β 0 = O I P (m −1/2 ) we deduce that
with K m given by (5) . Similarly
Using (5), with the Cauchy-Schwarz inequality for matrix, we have
Lemma 7.2 Suppose that assumptions (A1)-(A3) hold.
Under the hypothesis H 0 , there exists two independent Wiener processes {W 1,m (t), 0 ≤ t < ∞} and {W 2,m (t), 0 ≤ t < ∞} such that, for m → ∞,
Proof of Lemma 7.2
The random variables 
Lemmas for Section 4
We recall that (see the decomposition of gΓ given in Section 4):
Under the hypothesis H 0 , I 4 = I 5 = I 7 = I 8 = 0. Let us consider now
Lemma 7.3 Under the assumptions (A1)-(A4)
, for all ǫ > 0, we have
whether under H 0 or H 1 .
Proof of Lemma 7.3 Let us consider the random variable, for
Then (1) uniformly in k and probability 1, we obtain the relation (39) for j = 7, by the Bienaymé-Tchebychev inequality, Proposition 4.1, and inequality (12) . 
